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Abstract

This report details an exploration into the effect of Southern Ocean winds on the Antarctic Cir-
cumpolar Current (ACC). A successive over-relaxation solver programmed by the author is used to
compute the streamfunction in an idealised global ocean with wind forcing. The project is split into
two parts: 1) applying Helmholtz Decomposition to Southern Ocean winds and 2) shifting Southern
Ocean winds both equatorward and poleward to explore potential influences of Southern Ocean winds
on large scale ocean circulation. We find using Helmholtz Decomposition that the ACC flow in this
idealised global ocean can be largely attributed to the rotational component of wind forcing, with
only a small correction from the Coriolis force. This is contrasted by the wind-driven gyres north
of the Southern Ocean, which have a circulation determined by the balance between the rotational
component of wind forcing and the Coriolis force. In addition, shifting Southern Ocean winds in this
idealised case is shown to result in a weakened ACC, as well as weakened gyres in the rest of the ocean
for both the poleward and equatorward shift.

1 Introduction

The Antarctic Circumpolar Current (ACC) is an
ocean current flowing clockwise around the Antarc-
tic continent. It is the largest ocean current on
Earth, with a canonical average flow of 134 Sv (1
Sv = 106 m3 s−1) [1] and measured flows of up to
173 Sv [2]. It is primarily driven by strong west-
erly winds (blowing from west to east), resulting in
an overturning circulation (circulation in the verti-
cal plane) and an eastward flow overall [3]. Changes
in the Southern Hemisphere westerly winds can also
influence eddy formation in the Southern Ocean [4],
which can in turn affect overturning circulations,
carbon cycles and ocean acidification rates [5].

Idealised models of wind-driven streamfunc-
tions of the ACC were developed in the late 1960s
and early 1970s [6] [7] for cases with realistic coast-
lines and in a rectangular basin. The model used
in this project is based on these studies and is out-

lined in section 2.2. It includes contributions from
the Coriolis force and wind stress but excludes the
effect of bathymetry, stratification and eddies.

In this project, Helmholtz Decomposition will
be used to separate rotational and divergent compo-
nents of wind forcing in this two-dimensional model
of ocean circulation, allowing for an alternative vi-
sualisation of the wind forcing. The application
of this method to a wind-driven circulation in a
square basin is outlined in [8], which illustrated the
relationship between the Coriolis force and rota-
tional component of wind forcing in the vorticity
balance and their contribution to western bound-
ary currents. Specifically, [8] showed that the Cori-
olis forcefunction causes a northward acceleration
on the western boundary, directly causing western-
intensification of boundary currents. We will at-
tempt to replicate this finding in the context of a
global ocean with a simplified coastline.
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The second part of this project aims to explore
the effect of shifting Southern Ocean winds on the
global ocean circulation in an idealised ocean model.
Southern Ocean winds have moved polewards and
increased in intensity under climate change, and are
projected to continue in this pattern [9]. It has
also been shown that position of Southern Ocean
winds were further north in past glacial climate [10].
This project will explore the impact of poleward
and equatorward shifts of Southern Ocean winds on
large-scale circulations in an idealised global ocean
basin.

Section 2 outlines the theory behind the ide-
alised model used, Helmholtz Decomposition and
the rotational forcefunction. Section 3 discusses the
numerical method and theoretical reasoning behind
the computation of the streamfunction. Section 4.1
discusses results of the Helmholtz Decomposition
of Southern Ocean winds, and section 4.2 discusses
the impact of an equatorward and poleward shift in
Southern Ocean winds on the streamfunction. Sec-
tion 5 summarises the main conclusions and possible
further work.

Figure 1: Eastward current around Antarctica in the
Antarctic Circumpolar Current. Reproduced from [11].

2 Theory

2.1 The Stommel Model

This idealised ocean experiment makes use of the
Stommel model [12] as described by equation (1); a

vorticity equation taking into account the balance
of vorticity between wind stress, the Coriolis force
and frictional dissipation:

β
∂ψ

∂x
=
k · (∇× τ )

ρH
− r∇2ψ. (1)

(1) can be solved to obtain the streamfunction ψ
in an ocean basin forced by wind stress τ and the
Coriolis force, quantified by the Coriolis parameter
β. Here, ρ is the mean density of water in the ocean,
H is the depth of the ocean, assumed to be constant,
k is the unit vector in the upwards direction on the
earth’s surface, x is the coordinate in the eastward
direction and r is a coefficient of friction, where we
assume friction is parameterised by a linear drag.
This is shown explicitly in the horizontal momen-
tum equation (18), where there is a frictional term
included that is linear to velocity u.

The first term on the right-hand side of (1) rep-
resents surface winds acting as a source of vorticity,
and the second term is the vorticity sink due to
energy dissipation from friction. The term on the
left is the vorticity advection term, representing the
transport of planetary vorticity by the flow, and we
also assume that the Rossby number of this system
is small so that relative vorticity can be neglected.

2.2 Helmholtz Decomposition and the
Rotational Forcefunction

Helmholtz Decomposition uses Helmholtz’s theo-
rem, which states that any force can be separated
into two components; rotational and divergent:

F = Frot + Fdiv, (2)

where

∇ · Frot = 0, ∇× Fdiv = 0.

This decomposition, although not realistic, is lin-
ear and hence can provide a conceptual understand-
ing of the system more readily. This is particularly
helpful when considering the flows in ocean, where
the divergent component of wind forcing is coun-
tered by the pressure gradient forces established in
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response to the winds. Hence, rather than consider-
ing the effect of wind forcing on pressure gradients
formed and any resulting fluid flow, we only need
to consider the effect of the rotational component
of wind forcing on fluid flow. Thus for this exper-
iment, we do not have to take pressure gradients
into account if applying the rotational component
of wind forcing on our system. This is illustrated in
figure 2.

Figure 2: Schematic showing the sum of the applied
zonal force and pressure gradients formed resulting in a
rotational force. Reproduced from [8].

Specifically, the rotational component of force
is projected onto local acceleration, where u is the
velocity,

Frot = ρ
∂u

∂t
, (3)

whereas, the divergent component of force is pro-
jected onto the pressure gradient.

Fdiv = ∇p. (4)

Hence when solving for ψ, only the rotational com-
ponent needs to be taken into account as the diver-
gent component of the wind forcing will vanish in
(1).

We can also define a rotational forcefunction
φF by (5), such that the rotational forcefunction is
analogous to a streamfunction with a ‘velocity field’
of Frot:

Frot

ρ
= k ×∇φF . (5)

This allows us to solve for the second order differen-
tial equation (6) to obtain the forcefunction in this
domain:

∇2φF =
k

ρ
· (∇× τ ). (6)

3 Method of Solution

3.1 Successive Over-Relaxation

The numerical method used to solve for the stream-
function is successive over-relaxation (SOR) and a
bespoke solver was developed and coded specifically
for this project, the development of which was a
substantial task. SOR is one of many relaxation
methods for boundary-value problems and was cho-
sen for ease of coding and to avoid diverging so-
lutions [13]. A physical explanation of relaxation
methods is as follows:

Consider an elliptic equation where we wish to
solve for a quantity u, with L representing an ellip-
tic operator and ρ representing a source term:

Lu = ρ. (7)

We can interpret (7) as the steady state case of a
diffusion equation as such:

∂u

∂t
= Lu− ρ. (8)

Applying this to Stommel equation (1) at each spa-
tial point (i, j) where we want to solve for ψ, we
obtain:

ψn+1
i,j − ψni,j

∆t
= (∇2ψ)ni,j+

β

r
(
∂ψ

∂x
)ni,j−

(k · (∇× τ ))ni,j
ρHr

.

(9)
By iterating over ‘time-steps’ n of width ∆t, the
initial distribution of ψ relaxes to an equilibrium
solution as t → ∞, taking into account the Coriolis
and wind stress terms.

Now, we can use finite differencing to calcu-
late the (∇2ψ)ni,j and other terms on the right side
of the equation. Finite differencing approximates
derivatives as f ′(x) ≈ f(x+∆x)−f(x)

∆x for small ∆x,
such that derivatives are dependent on the values
of the function on adjacent grid cells. This allows
us to write a general elliptic equation in terms of
the quantity being calculated on the current grid
cell and its adjacent grid cells. To apply SOR to
a general second-order elliptic equation in x and y
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coordinates, finite differenced on a square, we write
the elliptic equation as follows:

ai,jui+1,j + bi,jui−1,j+

ci,jui,j+1 + di,jui,j−1 + ei,jui,j = fi,j ,
(10)

with coefficients a, b ... f being set based on the
original elliptic equation. For example, for our
equation (9), fi,j is proportional to the vorticity
source term.

The next iteration is computed by solving for
ui,j and taking a weighted average of the old ui,j
and iterated ui,j :

u∗i,j =
1

ei,j
(fi,j − ai,jui+1,j − bi,jui−1,j

− ci,jui,j+1 − di,jui,j−1),

(11)

and
unewi,j = ωu∗i,j + (1− ω)uoldi,j . (12)

Each iteration of ui,j is calculated as:

unewi,j = uoldi,j + ω
ξi,j
ei,j

, (13)

where the residual ξi,j is determined by:

ξi,j =ai,jui+1,j + bi,jui−1,j + ci,jui,j+1

+ di,jui,j−1 + ei,jui,j − fi,j ,
(14)

Here, ω is the over-relaxation parameter and this
method is only convergent for 0 < ω < 2. We
chose a value of ω through trial and error, such that
ω is small enough that the solution will converge
but large enough to optimise for the speed of the
program. SOR also makes use of the Gauss-Seidel
method of updating the calculated values at each
grid cell as they are calculated, rather than replac-
ing all the values after each iteration [13].

For our idealised ocean model, coastlines have
been defined to have ψ = 0 at the boundary, with
a non-zero streamfunction on the Southern bound-
ary to account for a non-zero flow at Antarctica. A
spherical surface with realistic coastlines, based on
observational data, has been defined and the bound-
aries have been simplified for easier calculation as
detailed in section 3.2. This simplification of coast-
lines required modest manual intervention to ensure

that there was only one island left in the domain:
Antarctica. This ensured that the balance of cir-
culation forced by wind stress and rate of flow in
(19) only had to be implemented at the southern
boundary around Antarctica. Full spherical geom-
etry was used when solving for the streamfunction
and the coefficient of friction has been chosen such
that the control state has a rate of transport com-
parable to the ACC in the ocean, setting r = 1.5 x
10−6s−1.

3.2 Solving for the Streamfunction

To solve for streamfunction ψ in a multiply con-
nected domain, such as a global ocean with land
boundaries, the method outlined in [14] is utilised.
This method is easier to implement with fewer ‘is-
lands’, hence the coastlines are simplified resulting
in one island, the Antarctic continent, and the outer
boundary is defined by the joined-up coastline of all
other landmasses. A summary of the method used
is given below.

The solution of (1) is separated into the partic-
ular integral ψPI and complementary function ψCF ,
with a constant b:

ψ = ψPI + bψCF . (15)

The particular integral and complementary function
are defined as follows:

r∇2ψPI + β
∂ψPI
∂x

=
k · (∇× τ )

ρH
, (16)

with ψPI = 0 on all boundaries; and

r∇2ψCF + β
∂ψCF
∂x

= 0, (17)

with ψCF = 1 at the southern boundary and ψCF =
0 on the remaining boundaries, such that the com-
plementary function ψCF is solved for with a non-
zero streamfunction at the Antarctic continental
shelf and zero flow in and out of other land masses.

We then need to chose b such that the system
is in balance in the momentum and vorticity equa-
tions. Now we start with the horizontal momentum
equation in steady state (18):
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(u · ∇)u+ fk × u+
1

ρ
∇p =

τ

ρH
− ru. (18)

Rewriting (18) in vector-invariant form and
evaluating the circulation around the southern
boundary, the pressure gradient and Coriolis terms
will vanish, leaving only the balance between the
circulation forced by wind stress and rate of flow
in (19). Hence, the scaling constant b is chosen
such that the circulation forced by wind stress is
balanced by the rate of flow around the southern
boundary:

1

ρH

∮
τ · dl = r

∮
uPI · dl+ b

(
r

∮
uCF · dl

)
.

(19)

To compute the streamfunction and circula-
tions, we use masks to define areas of land, ocean
and coastlines. This enables us to integrate over the
whole basin and also neglect values that were not
relevant to the calculation. For example, we can
neglect areas of land when calculating the stream-
function in the ocean using SOR, as well as only in-
cluding grid cells along the southern boundary when
calculating the circulation in (19).

4 Results

4.1 Rotational Forcefunction on the
Global Ocean

The streamfunction ψ was computed using realistic
wind stress data using the method in section 3 and
the results are shown in figure 3. In the top panel,
gyres in the northern and southern Hemispheres are
formed in each of the oceans, and the ACC is also
shown with a rate of transport ranging from 60-160
Sv. This is consistent with other experiments of a
global ocean circulation for an ocean with homoge-
neous density and uniform depth, such as in [6].

The rotational and Coriolis forcefunctions of a
wind-driven no-slip gyre were computed and plot-
ted in figure 7 of [8]. This showed that the Coriolis

force causes a northward acceleration at the west-
ern boundary, directly causing western intensifica-
tion. For our experiment, we can also attempt to
replicate this result by defining a Coriolis forcefunc-
tion similar to the rotational forcefunction, which is
analogous to a streamfunction with a ‘velocity field’
of the Coriolis force:

∇2φβ = β
∂(Hψ)

∂x
. (20)

Hence, the Stommel equation (1) can be rewritten
as:

1

Hr
∇2φβ =

1

Hr
∇2φF −∇2ψ. (21)

Therefore, we can obtain a relationship between the
forcefunctions and streamfunction, being careful to
take the boundary conditions into account. Writing
this relationship in terms of the rate of transport
Hψ,

Hψ =
1

r
(φβ + φF ). (22)

From here, we can calculate the rotational force-
function φF using (6), followed by computing the
Coriolis forcefunction φβ using (22). We see in (22)
that the rotational forcefunction and Coriolis force-
function each contribute to the total rate of trans-
port when scaled by a factor of 1/r. Thus we can
plot φF /r, the scaled rotational forcefunction cor-
responding to the rate of transport due to the ro-
tational component of wind stress; and φβ/r, the
scaled Coriolis forcefunction corresponding to the
rate of transport due to the Coriolis force, as shown
in figure 3. Here, the forces are directed along con-
tours of the forcefunction plots, at a strength in-
versely proportional to the spacing between con-
tours lines.

The scaled rotational forcefunction plot is sim-
ilar to the streamfunction plot but without west-
ern intensification. However in the scaled Corio-
lis forcefunction plot, there are large accelerations
next to the western boundary in the ocean basins
north of the Southern Ocean, which are unfortu-
nately masked in the plot as the acceleration occurs
over the final grid point (see an example in grey box
in the bottom panel of figure 3). This indicates that
in the horizontally bounded ocean basins, the Corio-
lis forcefunction is causing a northward acceleration
along the western boundary to produce a boundary
current, which is consistent with the results in [8].
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In contrast, in the Southern Ocean, the ACC
is almost entirely forced by the rotational force-
function, whereas the contribution to the total rate
of transport by the Coriolis forcefunction is small.
This indicates that in this idealised model, the ACC
is almost entirely dependent on the rotational com-
ponent of the wind stress and the Coriolis force has
very little effect.

Figure 3: Rate of transport Hψ (top), scaled rotational
forcefunction φF /r (middle) and scaled Coriolis force-
function φβ/r (bottom) for an idealised global ocean in
Sverdrups (1 Sv = 106 m3 s−1), with contour intervals of
10 Sv. The grey box in the scaled Coriolis forcefunction
plot highlights the region of large northward acceleration
at the western boundary, which is masked in the plot as
the acceleration occurs over the final grid point.

4.2 Shifting Southern Ocean Winds

To explore the effect of shifting Southern Ocean
winds, we now shift the peak of zonal mean observed
winds by 10◦, as shown in figure 4, and extrapolate
this shift to the full spatial wind stress vector field.
Using these shifted wind stress fields, we can calcu-
late the streamfunction and forcefunctions resulting
from these modified wind forcings and scaling them
to represent the rates of transport, with the results
for an equatorward shift in figure 5 and the results
for a poleward shift in figure 6.

Figure 4: Zonally-averaged wind stress with latitude for
wind stress data used in experiments.

Looking at the case of Southern Ocean winds
being shifted equatorward in figure 5, the ACC has
weakened significantly (from a maximum rate of
transport of approximately 160 Sv originally to a
maximum 80 Sv). Additionally, the gyres in all of
the basins have weakened as well when compared
to the control case with observed winds, and the
feature of western boundary currents is also seen in
the scaled Coriolis forcefunction plot.

For the case of Southern Ocean winds being
shifted polewards in figure 6, the gyres in the North-
ern Hemisphere and the ACC flow have weakened
when compared to the control case with observed
winds. However, the ACC is not as weak as in the
case of equatorward shifted winds. The position
of the gyres in the streamfunction and forcefunc-
tions plots are unchanged after the shifting of winds,
and the feature of western boundary currents in the
scaled Coriolis forcefunction plot is still visible.
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Figure 5: Rate of transport Hψ (top), scaled rotational
forcefunction φF /r (middle) and scaled Coriolis force-
function φβ/r (bottom) for an idealised global ocean in
Sverdrups, with contour intervals of 10 Sv.

Investigating the weakened gyres in the North-
ern Hemisphere with the shifting of winds further,
we can consider the particular integral and compli-
mentary function of the streamfunction as in (16).
The particular integral of the streamfunction ψPI
is analogous to the streamfunction in the ocean if
the boundary condition on the bottom boundary
(at the Antarctic continent) is ψ = 0 such that the
ocean is a closed basin. The particular integral of
the streamfunction in each of the three scenarios of
wind stress are shown in figure 7.

The gyres in the Atlantic and Indian Oceans
are already weakened in ψPI when the winds are
shifted. This might be explained by the changes

in the large gyre crossing the Atlantic and Indian
Ocean. Considering the plot for the case of observed
winds, we can see that a large gyre circulating an-
ticlockwise in the Southern Ocean is formed, cross-
ing the southern Atlantic and Indian Oceans. How-
ever, looking at the streamfunction plot for equa-
torward shifted winds, this gyre is now circulating
clockwise, forming an additional vorticity sink such
that other gyres must weaken to conserve vorticity.
Similarly, as the Southern Ocean winds are shifted
polewards, weaker winds end up at the boundary
of the Antarctic continent and the ocean, such that
a weaker gyre circulating anticlockwise is formed.
Hence, this must result in weaker gyres circulating
clockwise in the rest of the ocean in order for vor-
ticity to be conserved overall. However, there was
insufficient time to determining the exact mechani-
cal process that results in the weaker gyres. Hence,
this would be an obvious focus for further work if
there were any more time.

5 Conclusions and Further Work

This project set out with two aims: 1) to use the
Helmholtz Decomposition method to investigate the
rotational component of winds and 2) to explore the
effect of shifting Southern Ocean winds on rate of
transport in an idealised global ocean. We used
the simplest possible model to carry out the experi-
ments in order to capture the basic physics and aid
our conceptual understanding, while still producing
results that were relevant to the ocean.

For the Helmholtz Decomposition of Southern
Ocean winds, we show that the circulation in wind-
driven gyres is determined by the balance between
the rotational component of wind stress and the
Coriolis force, which is consistent with results from
the wind-driven no-slip gyres in [8]. However, this
is completely different from the Southern Ocean,
where we find that the ACC flow is almost entirely
driven by the rotational component of wind stress,
with only a small contribution from the Coriolis
force.
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Figure 6: Rate of transport Hψ (top), scaled rotational
forcefunction φF /r (middle) and scaled Coriolis force-
function φβ/r (bottom) for an idealised global ocean in
Sverdrups, with contour intervals of 10 Sv.

Looking at shifting Southern Ocean winds, we
find that the ACC weakened in both cases. For the
equatorward shift in wind, the rotational forcefunc-
tion gives a smaller ACC flow that is further north
compared to the case with observed winds. This
can be attributed to the lack of winds acting at
the southern boundary and hence the reduced wind
forcing available to drive the ACC. For the poleward
shift in winds, the rotational forcefunction gives a
slightly weaker ACC compared to the case with ob-
served winds. This contradicts the literature as the
ACC was predicted either to strengthen with a pole-
ward shift of Southern Ocean winds [15] [16] or that
ACC transport is insensitive to decadal changes in
wind stress [17]. This is likely due to the Southern

Ocean winds acting on the masked area of land as
well as the idealised ocean, resulting in a weaker
ocean circulation. This issue could be eliminated
in future work with a more accurate coastline of
Antarctica or greater coverage of wind stress data
in the Southern Ocean region to allow for a more
useful poleward Southern Ocean windshift experi-
ment.

Figure 7: ψPI for observed winds (top), winds shifted
equatorward (middle) and wind shifted polewards (bot-
tom) in Sverdrups with contour intervals of 10 Sv.

As seen in figure 7, the strength and structure
of the gyres in the Northern Hemisphere is directly
related by changes in wind forcing in the Southern
Ocean. This also agrees with [18], which found that
wind stresses above the Drake Passage latitude were
important in setting the strength of the ACC. These
changes are necessary in order to conserve vortic-
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ity, however the particular mechanism by which the
gyres in the Northern Hemisphere are modified by
winds in the Southern Ocean is not dealt with in this
project. Investigating if this weakening effect can be
seen outside the context of idealised ocean models
and understanding the specific mechanisms involved
would be an interesting focus of future work.

The model used in this project did not take
density variations into account. The forcefunction
approach is currently only defined for the case of a
Boussinesq fluid and so to take density variations
into account, further work is required to define an
additional “overturning” forcefunction. We have
also assumed a flat bottom basin, whereas in the
Southern Ocean, bottom topography contributes
significantly to eddy formation and the flow of the
ACC [4]. There are also influences in ice-ocean in-
teractions that are not accounted for [19] [20]. In-
cluding each of the above variables would tremen-
dously increase the scope and complexity of the
project, however, exploring how forcefunctions can
be used in more complex models would be an in-
triguing area for future work.

For the SOR solver, we chose a value of ω small
enough such that the solution would converge and
large enough that the speed of the code would be
optimised. There are potentially alternatives for be-
ing more precise with the choice of ω , however due
to the simplicity of the model, finding the exact op-
timum ω value would probably have been overkill.
This would have to be taken into consideration if
the model were made more complex, for example,
using a higher resolution or including additional is-
lands, as speed of the solver would then be a bigger
issue. Alternatively, further work might incorporate
a multi-grid or conjugate gradient solver to improve
computing speeds [13].
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